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We examine natural inflation without the use of the standard slow-roll approximation
by considering the number of physical e-folds ln(aeHe/aH). We show that H˜ = aH ∝
cos(Aφ/2)2/A
2
sin(Aφ/2) produces a natural inflationary scenario. This model may be solved
exactly, showing that the slow-roll approximation overestimates the tensor-to-scalar ratio by
about 13− 19% for ns ≈ 0.96 and 50− 60 e-folds a.
1. INTRODUCTION
Since the cosmological inflation hypothesis was [1] proposed, we have witnessed the emergence
of precision cosmology. Groundbreaking experiments such as WMAP [2] and Planck [3] have given
us an unprecedentedly accurate picture of the early universe. This has reduced the number of
inflationary models consistent with experimental data, although we are still left with a multitude
of potentially valid models. A number of future experiments designed to measure gravitational
waves will test large-field models. One such experiment that is scheduled to be launched in the
mid-2020s, LiteBIRD [4], should be able to reduce the upper bound on r to 0.002 at 95% C.L.,
should no gravitational waves be found. The ground-based experiment QUBIC [5], on the other
hand, is expected to probe r down to at least 0.05 at 95% C.L. In this paper, we argue that the
slow-roll approximation may be insufficiently accurate in light of future experiments. To that end,
we solve a natural inflation scenario exactly, without the use of the standard (potential) slow-
roll parameters, and show that this yields errors of the order of 10%. We accomplish this by
reparametrizing the model so that the number of e-folds is defined in a more natural way–i.e., as
ln aeHe/aH; we then solve for aH for the natural inflationary potential via the Hamilton-Jacobi
method.
Let us briefly review the natural inflationary scenario. Natural inflation refers to inflation driven
by a potential which is invariant under a shift symmetry φ → φ + constant [6]. In the original
manifestation, the potential is
V = Λ4(1− cos(φ/f)), (1)
and φ is the QCD axion [7] field. The status of natural inflation was recently reviewed in [8], within
the context of the Planck 2015 [3] and BICEP2 results, showing that r ≈ 0.05 can be achieved at
ns ≈ 0.96 and 60 e-folds. This requires Λ ∼ 1016 GeV and f & mpl. This work has been extended
to hybrid natural inflation ([9],[10],[11]) and the so-called extended natural inflation [12].
In this paper we examine a natural inflationary scenario of the form V =
(
3 +A2/2
)
B (1− cos(Aφ))−
BA2, which is described exactly by H˜ = aH ∝ cos(Aφ/2)2/A2 sin(Aφ/2), where φ is the inflaton
and A = 1/f . Note that Λ =
[
B
(
3 +A2/2
)]1/4
. This model has the benefit of being exactly
solvable without the use of slow-roll. In addition to providing more accurate results in a natural in-
flationary scenario, we use this model as an example of how to reparametrize an inflationary model
from V to H˜. Further, this type of model is related to the so-called constant-roll inflation, in which
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2φ¨/Hφ˙ is constant. This condition may lead to natural inflation with a negative cosmological con-
stant, which is discussed in [13]. The inflationary effects of a negative cosmological constant were
discussed in [14], where it is shown that it generally leads to instabilities. In our model, however,
the negative cosmological constant (−BA2) is two orders of magnitude smaller than the value of
the potential at Hubble crossing for the entire relevant parameter space. Hence, our model should
produce nearly exact solutions to the standard natural inflation model V = Λ4(1− cos(φ/f)).
In this paper, we first review the slow-roll approximation. Then in Section 3 we introduce
the reparametrization from V to H˜, and explain its relation to the more natural definition of the
number of e-folds, ln aeHe/aH. Finally, we discuss our analytical and numerical results in Section
4.
2. THE SLOW-ROLL PARADIGM
The typical method by which inflationary models are solved is by means of the slow-roll approx-
imation. We first define the Hubble Slow-Roll Parameters (HSRPs), which are defined in general
as [15]
nβH =
[ n∏
i=1
(
−d lnH
(i)
d ln a
)] 1
n
= 2
(
H,φ
n−1H(n+1)
Hn
) 1
n
, (2)
where H(n) ≡ dnHdφn and H,φ ≡ dHdφ , and we separately define 0βH ≡  = 2
H2,φ
H2
. We use
m2pl
8pi = 1
throughout. The first three terms of this hierarchy are
0βH ≡  = 2
(
H,φ
H
)2
; 1βH ≡ η = 2H
(2)
H
; 2βH ≡ ξ = 2
(
H,φH
(3)
H2
) 1
2
.
These may be written in terms of another set of parameters which are wholly functions of the
potential; we call these the Potential Slow-Roll Parameters (PSRPs), the hierarchy of which is
given by
nβV =
d lnV
dφ
[ n∏
i=1
(
d lnV (i)
dφ
)] 1
n
=
(
V,φ
n−1V (n+1)
V n
) 1
n
. (3)
Likewise, the first three terms of this hierarchy are
0βV ≡ v = 1
2
(
V,φ
V
)2
; 1βV ≡ ηv = V
(2)
V
; 2βV ≡ ξv =
(
V,φV
(3)
V 2
) 1
2
.
From [15, 16], we employ the next-to-leading order terms for the scalar spectral index and
tensor-to-scalar ratio. These are
r = 16 [1 + 2C(− η)] ,
ns = 1− 4+ 2η − (5− 3C) 2
− 1
4
(3− 5C) (2η − 4) + 1
2
(3− C) ξ2,
(4)
where C = 4 (ln 2 + γ)− 5 and γ is Euler’s constant.
3One may expand the HSRPs in terms of the PSRPs, as discussed in [15]; substituting these into
Equation 4, we obtain results for ns and r to next to leading order. These are
rSR = 16v [1 + 2 (2v − ηv) (C − 1/3)] ,
nsSR = 1− 6v + 2ηv +
(
44
3
− 6C
)
2v
+
2
3
η2v + vηv (4C − 14) + ξ2v
(
13
6
− C
2
)
.
(5)
Further, we may compute the curvature perturbations via [17] to obtain, to first order for
simplicity,
P
1/2
R =
H
23/2pi
√

. (6)
We may approximate this in slow-roll as
P
1/2
RSR
=
V 3/2√
12piV,φ
. (7)
3. NATURAL e-FOLDS
In the standard slow-roll scenario, one computes the amount of inflation, parametrized via the
number of e-folds, via the approximation
N =
∫ ae
a
da
a
=
∫ φ
φe
dφ√
2
≈
∫ φ
φe
dφ√
2v
.
The horizon problem, however, can be solved if the comoving Hubble radius (aH)−1 decreases dur-
ing inflation by a factor of (a0H0)
−1
(aeHe)
−1 =
(a0H0)
−1
(aeqHeq)
−1
(aeqHeq)
−1
(aeHe)
−1 =
√
a0
aeq
aeq
ae
∼ 1026, where the subscript
“eq” refers to matter-radiation equality, “e” refers to the end of inflation, and “0” refers to today.
We therefore require ln aeHe/aH ≈ ln 1026 ≈ 60 e-folds. If we define N˜ ≡ ln aeHe/aH, we may
write this as 1
N˜ =
∫ ae
a
da
a
+
∫ He
H
dH
H
=
∫ φe
φ
(
a,φ
a
+
H,φ
H
)
dφ =
∫ φe
φ
( −1√
2
+
√

2
)
dφ, (8)
which we refer to as the number of physical e-folds. N˜ is a simpler and more natural way to
define the e-folds produced by inflation, as discussed more extensively in [15]. Recent research has
expanded upon this work. In [18], [19] and [20], it is shown that one can solve inflationary models
without the use of slow-roll by computing inflationary observables from an explicit expression for
H˜ ≡ aH. This allows one to compute the number of e-folds without integration, the relationship
between N and the physical e-folds N˜ being
N˜ = N + lnHe/H, (9)
1 In the last step, we use φ˙ = −2H,φ.
4where lnHe/H < 0. We may then write N˜ in terms of H˜ as
N˜ =
∫ φe
φ
H˜,φ
H˜
dφ, (10)
which we may then compare to Equation 8 to determine that
H˜,φ
H˜
=
−1√
2
+
√

2
. (11)
It is useful to assign this quantity and higher order ones a label. Thus we introduce
e1 ≡ H˜,φ
H˜
; e2 ≡ H˜
(2)
H˜
; e3 ≡ H˜
(3)
H˜
, (12)
which, since inflation is defined as ddt (1/aH) < 0, allows one to also define inflation as
2 d
dt (aH) >
0 ⇒ e1 < 0, assuming that φ˙ < 0. We can solve Equation 11 for , and subsequently we can also
solve for η to find that
 = e21 + e1
√
e21 + 2 + 1,
η =
 (2e2 + 3)− 1
+ 1
.
(13)
In order to connect H˜ to the potential, we use the Hamilton-Jacobi equation
V = 3H2 − 2H2,φ, (14)
which, if solvable for H, may be used in conjunction with Equation 11 to solve for e1. We obtain
the rather uninviting differential equation3
H˜ ∝ exp
(∫
e1dφ
)
∝ exp
(∫ −H2/2 +H2,φ
HH,φ
dφ
)
. (15)
Although analytical solutions are impractical or impossible to obtain for general potentials, we can
solve Equations 14 and 15 in the natural inflationary scenario with a negative cosmological constant.
4. RESULTS
A. Analytical Results
To solve the natural inflationary scenario exactly, we first solve Equation 14 for H. A potential
of the form V =
(
3 +A2/2
)
B (1− cos(Aφ)) − BA2 has the solution H = √B√1− cosAφ. This
yields
 =
A2
2
1 + cosAφ
1− cosAφ,
η = −A2/2,
e1 =
−A−1 +A/2 + (A−1 +A/2) cosAφ
sinAφ
=
A
2
cotAφ/2−A−1 tanAφ/2.
(16)
2 Via Equation 11, this is equivalent to  < 1.
3 This equation is clearly not valid for H,φ = 0; in this case, H = constant and hence N˜ = N and H˜ is exponential.
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FIG. 1: In Figure 1a, we show the number of e-folds vs A for N˜apprx and N , for two values of ns. In
Figure 1b, we plot rapprx vs A, specifying 50 and 60 e-folds for ns = 0.95 and 0.96.
Since the potential is cyclical, we restrict ourselves to pi > Aφ > 0. Inflation ends when e1 = 0,
which occurs when φe = A
−1 arccos 1−A
2/2
1+A2/2
. Starting from the definition of e1 (Equation 12), we
obtain
H˜ ∝ exp
(∫
e1dφ
)
∝ cos(Aφ/2)2/A2 sin(Aφ/2). (17)
We may analyze the r−ns plane in our model by solving the first of Equations 16 for cosAφ/2
and sinAφ/2 as functions of  and A, which we may use to subsequently solve for ln H˜e/H˜; we
obtain
N˜apprx = ln
12 (1− ns −A2)−1/A2
(
1− ns +A2
1 +A2/2
) 2+A2
2A2
 . (18)
Further, we may solve for r explicitly to obtain
rapprx = 2C
−1
{
(C (1− ns) + 1)2 −
(
1 + CA2
)2}
, (19)
where in this and the previous equation we have used (from Equation 4) the first-order HSRPs for
ns, but the second order for r. This approximation differs from the numerical results using all first
and second order terms by less than about 1%; see Table 1. The deviation of N from N˜ is, from
Equation 9,
lnHe/H =
1
2
ln
(
+A2/2
1 +A2/2
)
. (20)
In the slow-roll approximation, the number of e-folds is N ≈ N˜apprx + | lnHe/H|. The latter
term has the effect of reducing A when ns and the number of e-folds are kept constant. This is
depicted in Figure 1a, where N˜apprx and N vs. A are plotted for ns = 0.96 and 0.95. Moreover,
a reduction in A reduces the magnitude of the rightmost term of Equation 19; since this term is
negative, however, slow-roll artificially inflates r for a constant ns. This can be seen in Figure 1b,
in which we depict rapprx vs A for ns = 0.95 and 0.96. For N = 60, for instance, N˜apprx < 60 due
to lnHe/H. Since smaller e-folds correspond to points farther up the curve in Figure 1b, slow-roll
overestimates r.
6B. Numerical Results
Our numerical results for ns and r are depicted in Figures 2a and 2b. In the latter, our
solutions have been computed iteratively, and in the former we have employed parameter scans.
In the parameter scans, we have randomly generated values of φ between 3 and 33 and values of
A between 0 and pi/φ. Only points corresponding to 0.95 < ns < 0.98 and 50 > e-folds < 70 are
plotted. We apply the bound 2.115× 10−9 < P 1/2R < 2.315× 10−9, using Equations 6 and 7 for the
exact and slow-roll parameter scan results.
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FIG. 2: In Figure 2a, we depict the numerical results in the r − ns plane for our parameter scan, keeping
solutions yielding 50 to 70 e-folds and curvature perturbations within 2.115× 10−9 < P 1/2R < 2.315× 10−9.
In Figure 2b, we present numerical results in the r − ns plane, for 60 and 50 e-folds during slow-roll (blue
dashed and dotted lines, respectively), and 60 and 50 e-folds without slow-roll (red dot-dashed and solid
lines, respectively).
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FIG. 3: In Figure 3a, we show the percent difference between the exact and slow-roll solutions. In Figure
3b, we display lnHe/H.
We have mentioned that slow-roll overestimates r for a constant ns and e-folds. Figure 2a, how-
ever, indicates that slow-roll also artificially drags the solutions leftward along the ns axis. A larger
proportion of the exact solutions compared to slow roll corresponds to ns > 0.965; in particular, in
7ns r rSR rapprx lnHe/H % diff
0.957487 0.038652 0.0440606 0.0388604 -1.99435 13.0781
0.959987 0.0461037 0.0525931 0.046308 -2.04113 13.1501
0.962487 0.0560409 0.0640809 0.0562123 -2.09795 13.3864
0.964987 0.0705856 0.0811792 0.0706222 -2.17312 13.9605
0.967487 0.09936 0.116638 0.0982739 -2.30444 15.9982
TABLE 1: Here we tabulate ns, r, rSR, rapprx, lnHe/H, and the percent difference between the exact
results (r) and the slow-roll results (rSR). We assume 60 e-folds throughout.
Figure 2a about 52% and 38% of the solutions are ns > 0.965, for H˜ and SR respectively. Further,
about 83% and 72% of the solutions are ns > 0.960, for H˜ and SR respectively. This is a significant
improvement in light of the Planck 2018 results (see [21]), which indicate that ns = 0.9665±0.0038
for TT, TE, EE + low E + lensing + BAO.
In Figures 3a and 3b, our iterative results for percent difference and lnHe/H are shown. The
former directly quantifies the error introduced by slow-roll, and the latter quantifies the deviation
of  from 1. Here we note that slow-roll artificially inflates r by about 13− 19% for 50− 60 e-folds,
around ns ≈ 0.96.
The running of the spectral index is negligible, and slow-roll does not significantly affect it in
light of its experimental bounds. Finally, in this paper we have assumed instantaneous reheating.
Reheating in natural inflation, however, was discussed in a recent paper [22]. The cited paper
demonstrates that reheating is generally insensitive to the value of A, even in the case of two-phase
reheating. It may be interesting, however, to investigate reheating in the context of natural e-folds
in subsequent work.
5. CONCLUSION
We have examined a natural inflationary scenario without the use of the slow-roll approxima-
tion, via the Hamilton-Jacobi equation and a reparametrization from V to H˜ = aH. This method
allows one to solve for r and ns without slow-roll, and to compute the number of e-folds by sim-
ply evaluating ln(H˜e/H˜). Thus, we avoid the typically onerous numerical integration techniques
required by slow-roll. In doing so, we show that at around ns ≈ 0.96, slow-roll overestimates r by
13 − 19% for 50 − 60 e-folds. As cosmological data are expected to become more precise in the
future, we expect that this error may become significant.
We have also noted that this reparametrization is difficult to implement in general, given the
complexity of Equations 14 and 15. It would therefore be useful to consider a numerical gener-
alization of the exact techniques presented here, which may allow for the numerical simulation of
the HSRPs from V , and hence the mitigation of the errors produced by slow-roll.
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